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Outline

 Shear viscosity. What is it in nuclear matter?

 Our idea to get to shear viscosity in hadron matter; viscous 
blastwave

 Data and Bayesian Analysis

 Results

 Uncertainty analysis

 Summary
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Shear Viscosity

 Shear Viscosity 𝜂 (Navier-Stokes):

𝐹

𝐴
= −𝜂

𝜕𝑢𝑥
𝜕𝑦

 In relativistic fluid dynamics it 
appears as the dimensionless 

transport coefficient 
𝜂

𝑠
(𝑠 = entropy 

density)

 Measures the ability of momentum 
transfer

𝜂

𝑠
~𝑇𝜆  𝑣
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Shear Viscosity

 Conjectured lower quantum bound 
𝜂

𝑠
=

ℏ

4𝜋𝑘𝐵

 Conjectured minimum of 
𝜂

𝑠
at phase transitions

 How does hot nuclear matter fit into the picture?
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High Energy Nuclear Collision

1. Initial condition: nuclear wave functions

2. Initial interaction: strong gluon fields → glasma.

3. Approach to kinetic and chemical equilibrium after ~ 0.2 – 1.0 fm/c; QGP 
phase with initial temperatures up to ~400-600 MeV (RHIC/LHC)

 Transverse expansion and cooling of the fireball (~hydrodynamic behavior)

4. Hadronization around Tc (~ 160 MeV), subsequent hot hadron matter 
phase

 HRG may fall out of chemical equilibrium at chemical freeze-out.

5. Decoupling of hadrons (kinetic freeze-out) and free streaming of hadrons 
to detectors.
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PCM & clust. hadronization

NFD

NFD & hadronic TM

PCM & hadronic TM

CYM & LGT

string & hadronic TM
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High Energy Nuclear Collisions

 Quark gluon plasma and hot hadron matter are produced in A+A 
collisions at RHIC and LHC.

 Flow anisotropies (elliptic flow 𝑣2) is easily measured. 

 Expansion and cooling phase close to equilibrium: use relativisitv
fluid dynamic with 𝜂 as an extractable parameter; fit parameters to 
measured data.
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𝑣2 = second order Fourier 
coefficient of the particle 
spectrum transverse to the 
beam direction.



Current Status

 Heavy ion collisions at RHIC/LHC: perfect liquid paradigm 
for QGP around Tc. 

 Extractions from data using fluid dynamics: 
𝜂

𝑠
~ 1…2

1

4𝜋
@ 

Tc

 Consistent with lattice QCD and NLO pQCD calculations.
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QGP Side: Bayesian Analysis

 State of the art: viscous fluid dynamics plus hadronic afterburner 
(URQMD/SMASH)

 Paradigm: switch to transport in the hadronic phase
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J. E. Bernhard et al., Phys. Rev. C 94, 024907 
(2016)

D. Everett et al., arXiv:2010:03928, 2011:01430

 Helps with deviations from chemical 
equilibrium, realistic freeze-out.

 2+1D hydro + URQMD with 2.76 TeV Pb+Pb
data; only 𝑝𝑇-integrated observables

 2+1D hydro + SMASH (JETSCAPE)



Hot Hadron Matter

 Various hadronic transport calculations available 

 Results vary by an order of magnitude

 The most popular models predict very large  𝜂 𝑠. Just below 
𝑇𝑐.

9

J. B. Rose et al., Phys. Rev. C 97, 
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QGP @ Tc
Extracted from fluid dynamics



Hadronic Transport: SMASH

 The successor to URQMD

 In their own words (adapted from slides of D. Oliinychenko):
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Hadronic Transport: SMASH

 Viscosity from a Kubo formula

 Their result:  𝜂 𝑠 ~1 at Tc.

 Their explanation for large  𝜂 𝑠: 

 Almost all relevant interactions in SMASH through resonances 

 Finite resonance life times = delay in momentum transport

 They convincingly demonstrate the effect in a                                              
simple 𝜋 − 𝜌 system:
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SMASH
Transport with 
parameterized 2→2 cross 
sections



Current Status?

 The current situation leaves unanswered questions. 

 Do we go from water to honey at Tc?

 It ought to make a difference in observables somehow (or are we 
less sensitive to viscosity than we thought?)

 Hadronic transport improves certain aspects but introduces new 
uncertainties!
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 What if hadronic transport gets viscosity wrong, at least around 𝑇𝑐? 
Do we underestimate  𝜂 𝑠 in QGP?

P. Romatschke and S. Pratt, 
1409.0010:



Our Idea

 What is  𝜂 𝑠 in a hot hadron gas?

 Take an agnostic approach. What if we didn’t understand the 
microphysics at all?

 Can it be extracted from data, independent of fluid dynamics or 
transport?
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Extracted from fluid dynamics



Strategy: Back To Basics

Fluid Dynamics

 Calculates flow field and f.o. hypersurface

 Uncertainties from initial conditions, 
equation of state

 Instantaneous Cooper-Frye freeze-out

  𝜂 𝑠 affects f.o. + flow field and entire 
dynamics 

 Sensitive to  𝜂 𝑠 integrated over space-time 
history of fireball
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D. Teaney, arXiv:0905.2433

 Direct effect of shear stress on particle 
distributions at freeze-out.

 Can be captured by a blastwave with 
viscous corrections in Navier-Stokes 
approximation.

Blastwave

 Fits f.o. flow fields and hypersuface

 Uncertainties from simple ansatz for 
hypersurface and flow field

 Instantaneous Cooper-Frye freeze-out

  𝜂 𝑠 affects freeze-out only    

 Sensitive to  𝜂 𝑠 at one temperature 
(hadron gas!)

Complementary approaches!



Viscous Blastwave

 Start from the Retiere Lisa (RL) blastwave

 Instantaneous freeze-out on hypersurfaceΣ:

𝐸
𝑑3𝑁

𝑑3𝑝
=

𝑔

2𝜋 3
 

Σ

𝑓 𝑟, 𝑝 𝑝𝜇 𝑑Σ𝜇

 Particle distribution 𝑓(𝑟, 𝑝) = 𝑓0 + 𝛿𝑓

 Equilibrium distribution 𝑓0,  correction 𝛿𝑓 ≪ 𝑓0

 Shear correction in Navier-Stokes approximation (here 𝜆 = 2)

𝛿𝑓 =
𝜂

𝑠

Γ 6

Γ 4 + 𝜆

𝐸

𝑇

2−𝜆
𝑝𝜇𝑝𝜈

𝑇3
𝜎𝜇𝜈𝑓0

 Gradients of flow field 𝜎𝜇𝜈 =
1

2
𝛻𝜇𝑢𝜈 + 𝛻𝜈𝑢𝜇 −

1

3
∆𝜇𝜈𝛻𝜅𝑢

𝜅
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Viscous Blastwave

 Hypersurface:

 𝜏 = 𝑡2 −𝑧2= const.

 Elliptic shape in the transverse plane (axes 𝑅𝑥, 
𝑅𝑦)

 Flowfield: boost invariant (Bjorken flow)

 Transverse velocity parameterization 

𝑣𝑇 = (𝛼0 + 𝛼2cos2𝜙𝑏)𝜌
𝑛

 Flow tilt tan𝜙𝑏 =
𝑅𝑥

𝑅𝑦

2

tan𝜙𝑠
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F. Retiere and M. Annan Lisa, Phys. 
Rev. C 70,044907(2004)

Average surface radial speed

Elliptical deformation

Reduced radius

Tilted flow angle



Viscous Blastwave

 Calculate 𝜎𝜇𝜈 =
1

2
𝛻𝜇𝑢𝜈 + 𝛻𝜈𝑢𝜇 −

1

3
∆𝜇𝜈𝛻𝜅𝑢

𝜅 from given flow field 

parameterization.

 Spatial derivatives are tedious but straight forward 

etc…

 Time derivatives: solve fluid dyamics equations of motion

 Ideal case is sufficient for Navier-Stokes approximation.

 𝐷𝑒 = − 𝑒 + 𝑝 𝛻𝜅𝑢
𝜅, 𝐷𝑢𝜇 =

𝛻𝜇𝑝

𝑒+𝑝

 E.g.

 𝜂𝑇=transverse rapidity, 𝑐𝑠
2= speed of sound squared
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Data Selection and Analysis

 Simultaneous fit to spectra and elliptic flow v2 for stable hadrons 
(p,K,π).

 ALICE 2.76 TeV data (LHC) and PHENIX 200 GeV data (RHIC); several 
centrality bins except very central and very peripheral bins.

 Bayesian analysis for parameter set P.

 Experimental errors are input into statistical analysis

 Statistical + systematic errors summed in quadrature

 Choice of fit range: “not too low, not too high”

 “Regular” fit range

 Vary for uncertainty analysis
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Data Selection and Analysis

 Set 𝜆 = 2 for simplicity.

 Parameter set for statistical analysis: P =(𝜏, 𝑇, 𝛼0, 𝑛, 𝛼2,  𝑅𝑦 𝑅𝑥 ,  𝜂 𝑠)

 Missing from this list: several parameters that exhibit high 
correlations. Seek other guidance e.g. from theoretical 
considerations (𝑐𝑠

2, chemical potentials, 𝑅𝑥, …), 

 Perform uncertainty analysis for these “external” parameters
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A Look at ALICE 30-40%

 Posterior 
distributions

 Preferred 
parameters

 Check vs data.

20



LHC: Full Picture

 Parameter changing with centrality qualitatively consistent with 
expectations.

 Can extract shear viscosity vs temperature curve.

 Extracted temperatures cover range ~110…130 MeV.

  𝜂 𝑠 drops quickly toward higher temperatures
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 Keep in mind: chemical 
potentials for stable 
particles can be sizeable



Adding RHIC

 This is our “raw” result.
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 Consistent with LHC 
extracted points within 
uncertainties!

 Slightly higher 
temperatures accessible



Uncertainty Analysis

 Classify uncertainties in 4 categories:

(I) Fundamental uncertainties in the approach; shared with fluid 
dynamics!

 Instantaneous freeze-out?

 True shape of 𝛿𝑓, beyond Navier-Stokes?

(II) Uncertainties from using blastwave vs fluid dynamics

 Simple ansatz for f.o. hypersurface and flow field

 Missing bulk stress effect on 𝛿𝑓, missing resonances and decay

(III) Systematic uncertainties due to choices made in the analysis

 Choice of fit ranges

 Choices for modeling external parameters

(IV) Uncertainties from the statistical analysis

 From experimental errors, GP emulator etc.
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Uncertainty Analysis

 Type (IV): Uncertainties taken from the MADAI statistical analysis.

 Type (III): Various uncertainties estimated by systematic variation of 
fit ranges and external parameters. Examples:

 Combined uncertainties of type (III) and (IV) are shown in  𝜂 𝑠 vs T
plot:

 What about type (II) uncertainties?
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Uncertainty Analysis: Fluid Dynamics

 Type (II) uncertainties: How well do the assumptions in the 
blastwave approximate fluid dynamics?

 Key differences:

 Shape of hypersuface

 Shape of flow field

 Absence of resonance decays

 Absence of  bulk viscosity

 Navier Stokes approximation vs 2nd order fluid dynamics

 To estimate systematic bias: viscous blastwave analysis of spectra 
and elliptic flow generated from fluid dynamics with known freeze-
out temperature and  𝜂 𝑠.

 Use smooth Au+Au/Pb+Pb events in MUSIC, with bulk viscosity and 
resonance decays.
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Fluid Dynamics Comparison

 Example: Au+Au, 𝑇fo = 130 MeV,  𝜂 𝑠 =  2.5 4𝜋.

 Choose error bars for the MUSIC results 
roughly consistent with errors at RHIC.
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Fluid Dynamics Comparison

 Bias in temperature extraction: smaller apparent (fitted) 
temperature compared to the true temperatured

 Small effect at lower temperature, significant at higher temperature.
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 Apparent  𝜂 𝑠 roughly 
consistent with true  𝜂 𝑠 within 
error bars

 Assess type (III) and (IV) 
uncertainties for this analysis.

 To eliminate bias: define a 
linear map between true and 
apparent values



Partially Correcting Bias

 Use the inverse map to (approximately) remove bias of type (III)
from the analysis of data.
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 Add uncertainties in the 
definition of the map 𝑀.

 Corrected results show a 
less steep decline of  𝜂 𝑠
with temperature.



Summary I: Shear Viscosity 

 Putting everything together: we find  𝜂 𝑠 falling steeply between T ~110 
and 150 MeV.
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 Together with Bayesian fits 
and calculations in QGP, 
and the new result from 
Dash et al. in hadron 
matter this hints at a broad
minimum of  𝜂 𝑠 around Tc, 
extending well into the 
hadronic phase. 

 Caveat: our points are at 
finite chemical potentials

 What about type (I) 
uncertainties?



Summary II: Uncertainties

 Type (I) uncertainites difficult to assess.
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 Probably one would need 
a comparison of hydro and 
transport at freeze-out.

 This remains as a big 
caveat for our results.



Summary III: Blastwave

 The viscous blastwave in Navier-Stokes can be a nifty tool for quick 
analyses of spectra, elliptic flow, etc.

 Fits are of good quality and extend to fairly large PT.

 Example: “Predictions” for Lambda and deuteron data from ALICE 
using preferred fit parameters extracted from stable hadrons.
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Outlook

 Several ways to improve the analysis: 

 𝜆-parameter in 𝛿𝑓.

 𝑣4 (Need new parameterization of hypersurface and flow field. More 
parameters!)

 Include bulk viscous effects

 Include resonance decays?

 More important: need to converge theory calculations of transport 
coefficients in hadron matter!
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Backup 33

 Eliminate one geometric parameter from 𝜏, 𝑅𝑥 , 𝑅𝑦:

 𝑐𝜏 = time averaged acceleration on the boundary. Can be estimated to be 
between 0.6 and 0.8

 Speed of of sound

 Chemical potentials for stable hadrons below chemical freeze out


