
MAT 2010 Final Exam Solu�on W23 

1. 𝑓𝑓(𝑥𝑥) = 3 + √𝑥𝑥 

𝑓𝑓′(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

𝑓𝑓(𝑥𝑥 + ℎ) − 𝑓𝑓(𝑥𝑥)
ℎ

= 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

3 + √𝑥𝑥 + ℎ − 3 − √𝑥𝑥
ℎ

= 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

√𝑥𝑥 + ℎ − √𝑥𝑥
ℎ

 

= 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

√𝑥𝑥 + ℎ − √𝑥𝑥
ℎ

∗
√𝑥𝑥 + ℎ + √𝑥𝑥
√𝑥𝑥 + ℎ + √𝑥𝑥

= 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

𝑥𝑥 + ℎ − 𝑥𝑥
ℎ[√𝑥𝑥 + ℎ + √𝑥𝑥]

= 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

ℎ
ℎ[√𝑥𝑥 + ℎ + √𝑥𝑥]

 

= lim
ℎ→0

1
√𝑥𝑥 + ℎ + √𝑥𝑥

=
1

√𝑥𝑥 + 0 + √𝑥𝑥
=

1
√𝑥𝑥 + √𝑥𝑥

=
1

2√𝑥𝑥
 

 

 

2. (a)   lim
𝑥𝑥→0

cos𝑥𝑥−1
𝑒𝑒𝑥𝑥−1

 → lim
𝑥𝑥→0

(cos𝑥𝑥−1)′
(𝑒𝑒𝑥𝑥−1)′

 (using L’Hopital’s rule) = lim
𝑥𝑥→0

−sin (𝑥𝑥)
𝑒𝑒𝑥𝑥

→ −sin0
𝑒𝑒0

= 0
1

= 0 

(b)  lim
𝑥𝑥→−1

𝑥𝑥2−2𝑥𝑥
2𝑥𝑥2−5𝑥𝑥+3

= (−1)2−2(−1)
2(−1)2−5(−1)+3

= 1+2
2+5+3

= 3
10

 

(c)    lim
𝑥𝑥→∞

3𝑥𝑥+2
√5𝑥𝑥2−𝑥𝑥

÷ 𝑥𝑥
√𝑥𝑥2

= lim
𝑥𝑥→∞

3𝑥𝑥+2
𝑥𝑥

�5𝑥𝑥2−𝑥𝑥
�𝑥𝑥2

= lim
𝑥𝑥→∞

3+2𝑥𝑥

�5−1𝑥𝑥

=
3+ lim

𝑥𝑥→∞
2
𝑥𝑥

�5− lim
𝑥𝑥→∞

1
𝑥𝑥

 = 3+0
√5−0

= 3
√5

 or 3√5
5

 

 
 

3. (a) 𝑓𝑓(𝑥𝑥) = sin(2𝑥𝑥) ∗ ln(𝑥𝑥 + 1) 

                  𝑓𝑓′(𝑥𝑥) = [sin(2𝑥𝑥) ∗ 1
𝑥𝑥+1

] + [ln(𝑥𝑥 + 1) ∗ 2 cos(2𝑥𝑥)]  

                  𝑓𝑓′(𝑥𝑥) =  sin(2𝑥𝑥)
𝑥𝑥+1

+ 2 cos(2𝑥𝑥) ln(𝑥𝑥 + 1) 

(b) 𝑔𝑔(𝑥𝑥) = arctan �1
𝑥𝑥
� 

     𝑔𝑔′(𝑥𝑥) =  1

1+�1𝑥𝑥�
2 ∗ �−

1
𝑥𝑥2
� = − 1

𝑥𝑥2+1
 

 
 
 
 
 
 
 
 
 
 
 



4. (a) ∫[3
𝑥𝑥
− 5 sec(𝑥𝑥) tan(𝑥𝑥) + sec( 𝑥𝑥)2]𝑑𝑑𝑥𝑥 = 3 ln|𝑥𝑥| − 5 sec(𝑥𝑥) + tan(𝑥𝑥) + 𝐶𝐶 

 

(b) ∫ � 5
√𝑥𝑥
− 3� 𝑑𝑑𝑥𝑥 = ∫ �5𝑥𝑥−

1
2� 𝑑𝑑𝑥𝑥 = �5 𝑥𝑥

1
2
1
2
− 3𝑥𝑥�

1

4

= 10√𝑥𝑥
4
1

4
1 −3𝑥𝑥|14 = 8 − 7 = 1 

 

5. 𝑓𝑓(𝑥𝑥) =  2𝑥𝑥
2+3𝑥𝑥
𝑥𝑥2−3

 

𝑓𝑓′(𝑥𝑥) =  
(𝑥𝑥2 − 3)(4𝑥𝑥 + 3) − (2𝑥𝑥2 + 3𝑥𝑥)(2𝑥𝑥)

(𝑥𝑥2 − 3)2
=

4𝑥𝑥2 − 12𝑥𝑥 + 3𝑥𝑥2 − 9 − 4𝑥𝑥2 − 6𝑥𝑥2

(𝑥𝑥2 − 3)2
 

=
−3𝑥𝑥2 − 12𝑥𝑥 − 9

(𝑥𝑥2 − 3)2
=
−3(𝑥𝑥2 + 4𝑥𝑥 + 3)

(𝑥𝑥2 − 3)2
 

 
For Horizontal Tangent: 𝑓𝑓′(𝑥𝑥) = 0 →  −3(𝑥𝑥2 + 4𝑥𝑥 + 3) = 0 → (𝑥𝑥2 + 4𝑥𝑥 + 3) = 0 
→ (𝑥𝑥 + 3)(𝑥𝑥 + 1) = 0 → 𝑥𝑥 = −3, 𝑥𝑥 =  −1 
 
 

6.  

  

 



7. 𝑓𝑓(𝑥𝑥) =  𝑥𝑥
𝑥𝑥+1

         [1,9] 
𝑎𝑎 = 1, 𝑏𝑏 = 9, 𝑛𝑛 = 4 

∆𝑥𝑥 =  
𝑏𝑏 − 𝑎𝑎
𝑛𝑛

=
8
4

= 2 

 

 

𝐴𝐴𝐴𝐴𝐴𝐴𝑎𝑎 = 𝐴𝐴 ≈  ∆ ∗ [𝑓𝑓(1) + 𝑓𝑓(3) + 𝑓𝑓(5) + 𝑓𝑓(7)] 

= 2 �
1
2

+
3
4

+
5
6

+
7
8�

= 2 �
12 + 18 + 20 + 21

24 � = 2 �
71
24�

=
71
12

 

 

8. 𝑥𝑥 + 3𝑦𝑦 = 54  (𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐𝑐𝑐𝐴𝐴𝑎𝑎𝑙𝑙𝑛𝑛𝑐𝑐)                                       ( Discard 0, we need positive numbers)  

              𝑄𝑄 = 𝑥𝑥𝑦𝑦2      (𝑙𝑙𝑎𝑎𝑥𝑥𝑙𝑙𝑙𝑙𝑙𝑙𝑚𝑚𝐴𝐴) 

 𝑥𝑥 = 54 − 3𝑦𝑦    
  

 𝑄𝑄 = (54 − 3𝑦𝑦)𝑦𝑦2 = 54𝑦𝑦2 − 3𝑦𝑦3 

𝑄𝑄′ = 54(𝑦𝑦)− 3(3𝑦𝑦3) = 108𝑦𝑦 − 9𝑦𝑦2 

𝑄𝑄′ = 0 → 108𝑦𝑦 − 9𝑦𝑦2 = 0 

 𝑦𝑦(12 − 𝑦𝑦) = 0     → 𝑥𝑥 = 54 − 3(12) = 54 − 36 = 18 

→ 𝑦𝑦 = 0 𝑐𝑐𝐴𝐴 𝑦𝑦 = 12  

Thus, the two numbers are 18 and 12. 

 

9. (a)   𝑔𝑔)(1) = ∫ 𝑓𝑓(𝑐𝑐)𝑑𝑑𝑐𝑐 = 𝐴𝐴1 + 𝐴𝐴2 = 1
2
∗ 2 ∗ 4 + 1

2
∗ 4 ∗ 31

−5 = −4 + 6 = 2 
(b)   𝑔𝑔 is increasing on (−3,1) 
(c)   𝑔𝑔 is concave down on (0,3) 
(d)  𝑔𝑔 has no local maximum value at 𝑥𝑥 = 1 
(e)   

i. 𝑔𝑔′(3) = 𝑓𝑓(3) = 2 
ii. 𝑔𝑔′′(3) = 𝑓𝑓′(3) = 𝐷𝐷𝐷𝐷𝐷𝐷 

iii. 𝑔𝑔′′(−1) = 𝑓𝑓′(−1) = 1 

 

 

 

𝒙𝒙 𝒙𝒙𝟎𝟎 = 𝟏𝟏 𝒙𝒙𝟏𝟏 = 𝟑𝟑 𝒙𝒙𝟐𝟐 = 𝟓𝟓 𝒙𝒙𝟑𝟑 = 𝟕𝟕 𝒙𝒙𝟒𝟒 = 𝟗𝟗 
𝒇𝒇(𝒙𝒙) 1/2 3/4 5/6 7/8 9/10 

𝑄𝑄′ 

 

 𝟏𝟏𝟐𝟐 

𝟎𝟎 

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐦𝐦𝐥𝐥𝐦𝐦@ 𝒚𝒚 = 𝟏𝟏𝟐𝟐 

+ - 
1st Derivative Test 



10.  

 

This is one possible solution. 

 

 

11. 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 100𝑐𝑐𝑚𝑚3

𝑠𝑠
        𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
=?    when 𝐴𝐴 = 20

2
= 10cm 

𝑉𝑉 =
4
3
π𝐴𝐴3 →

𝑑𝑑𝑉𝑉
𝑑𝑑𝑐𝑐

=
4
3
𝜋𝜋 �3𝐴𝐴2

𝑑𝑑𝐴𝐴
𝑑𝑑𝑐𝑐
� →

𝑑𝑑𝑉𝑉
𝑑𝑑𝑐𝑐

= 4𝜋𝜋𝐴𝐴2
𝑑𝑑𝐴𝐴
𝑑𝑑𝑐𝑐

 

100 = 4𝜋𝜋(10)2 ∗
𝑑𝑑𝐴𝐴
𝑑𝑑𝑐𝑐

→ 100 = 4𝜋𝜋(100) ∗
𝑑𝑑𝐴𝐴
𝑑𝑑𝑐𝑐

→
𝑑𝑑𝐴𝐴
𝑑𝑑𝑐𝑐

=
1

4𝜋𝜋
 

The radius of the balloon is increasing at a rate of 
1
4π

cm/s 

 

 

  



12. 𝑓𝑓′(𝑥𝑥) = 9(𝑥𝑥2−4)
(𝑥𝑥2+4)2

= 9(𝑥𝑥+2)(𝑥𝑥−2)
(𝑥𝑥2+4)(𝑥𝑥2+4)

 

𝑓𝑓′′(𝑥𝑥) =  −
18𝑥𝑥(𝑥𝑥2 − 12)

(𝑥𝑥2 + 4)3 = 0   →   𝑥𝑥 = 0  𝑐𝑐𝐴𝐴 𝑥𝑥2 − 12 = 0      (�inding the zeros of 𝑓𝑓′′(𝑥𝑥)) 

                                                                                               → 𝑥𝑥2 = 12 

                                                                                               → 𝑥𝑥 ± √12 

                                                                                                  = ±2√3 

𝑓𝑓 is increasing on (−∞,−2) ∪ (0,2)     

𝑓𝑓 is decreasing on (−2,0) ∪ (2,∞) 

𝑓𝑓 has a local maximum at 𝑥𝑥 = −2 

𝑓𝑓 has a local minimum at 𝑥𝑥 = 2 

𝑓𝑓 is concave up on (−∞,−2√3) ∪ (0, 2√3) 

𝑓𝑓 is concave down on (−2√3, 0) ∪ (2√3,∞) 

Points of In�lection:  𝑥𝑥 = −2√3, 0 , 2√3 

 

 

    

  

      

  
−2 2 

0 

 

   

  

2√3 −2√3 

𝑓𝑓′ 

𝑓𝑓′′ 

+ + − 

+ − + − 


