




-2- (10 points) Consider two identical atomic clocks of very high precision. The first is located 
at the center of the Earth. The second is on board a satellite in a circular orbit around the Earth 
(above the equator) at an altitude of 300 km.

(a) (4 points) Calculate the speed of the satellite on its orbit and its orbital period (as measured 

from Earth)

(b) (2 point) Does the clock on the satellite run faster or slower than one on the ground? 

Quantify the difference.

(c) (4 point) What is the time difference accumulated each time the satellite completes an orbit. 

Ignore the effect of Earth’s rotation or GR effects.


Treat the Earth as a perfect sphere of radius 6370 km and mass 5.98 x 1024 kg and G=6.67408 
× 10-11 m3 kg-1 s-2.




-3-  (10 points) Consider a particle of mass m constrained to move on the inside surface of a 
cone with angle θ. The axis of the cone is parallel to the axis z as shown in the figure. The 
surface of the cone is frictionless and there is a uniform gravitation field � .

(a) (3 points) Determine the Lagrangian of the particle.

(b) (2 points) Determine the constants of motion.

(c) (2 points) Show that a particular solution consisting of a circular orbit of radius r=r0, where r 

is the distance to the z axis. Discuss the condition(s) under which such orbit happens.

(d) (3 points) Show that this orbit is stable w.r.t. to small perturbations and find the frequency 

of small oscillations of r around r0.


⃗g = − g ̂z







5. {10 points) An infinite grounded conducting plane is at z = 0. A charged wire with 
linear charge density A is parallel to the plane and is described by z = d, x = O.

a) (5pt.) Compute the potential Vin the region z > 0.

b) (5pts.) Determine the capacitance per unit length for the configuration, given the 

radius of the wire a « d. 
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Problem 10 (10 pts) 
 
Fermat’s principle states that the path taken between two points by a ray of light is the 
path that can be traversed in the least time. Light propagates from point A (xa,ya,za) in a 
medium with an index of refraction n1 to point B (xb,yb,zb) in a medium with an index of 
refraction n2 through a planar interface. Assume that in the figure, the points A and B 
have equal distance h from the plane (in the figure, AA’=BB’). The velocities of the light 
in the medium n1 and n2 are v1 and v2, respectively. The angle of incidence from A to O 
and the angle of refraction are 1 and 2.    
 
(a)  [5 points] derive the time it takes for light to propagate from A to a point O on the 

interface, and from O to B. The plane containing A, O and B is perpendicular to the 
interface. 

(b) [5 points] Use Fermat’s principle to derive the relationship between 1 and 2 in terms 
of the respective velocities v1 and v2 in the figure.  

 

 
 
 
 
 
 
 



Problem  11 (10 pts) 
 
Consider an ideal gas of N particles of mass m confined in a cubic box with side L. The 
inside of the box is at equilibrium temperature T and is in a uniform gravitational field 
with gravity constant g.  

(a) (3pts.) Find the density (z) of the gas as a function of vertical position in the 
container where the box placed in near the earth surface. Note that the 
gravitational force acts on the particles as g, and the potential energy of the 
particle is U(z) = mgz where z is the vertical coordinate inside the box. 
 

(b) (4pts.) Find the entropy of the gas as a function of N, V, and g in the limit of mgL 
/ kBT << 1. Note that the canonical partition function can be written:  

 

Z = 
!
([ ] 𝐿 ∫ 𝑒 )  

 
(c) (3pts.) The container is sent to a region of space without gravity. In this situation, 

you can consider that the temperature is constant and the same throughout the 
container. Find the change in entropy relative to problem (b). 
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Problem  12 (10 pts) 
 
Consider a fixed number of particles with mass m. Consider the free energy F as a 
function of the internal energy U, the temperature, and the entropy S: 
F = U – TS 

(a) (2 pts.)Write an expression for ( )  in terms of temperature, pressure, and 

volume. 
 

(b) (4 pts.) Prove the equation below by using the result of (a) 
 

 ( )  =  −𝑇( ) ( )  

 
(c) (4pts.) Show that 
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